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ORBIFOLDS OF LATTICE VERTEX OPERATOR ALGEBRAS AT d = 48 AND
d = 72
THOMAS GEMU¨NDEN AND CHRISTOPH A. KELLER
Abstract. Motivated by the notion of extremal vertex operator algebras, we investigate cyclic orbifolds
of vertex operator algebras coming from extremal even self-dual lattices in d = 48 and d = 72. In this
way we construct about one hundred new examples of holomorphic VOAs with a small number of low
weight states.
1. Introduction
An even unimodular lattice of dimension d is called extremal if it has no non-trivial vectors with
length squared shorter than 2 + 2⌊ d24⌋ [MOS75]. This motivates the definition of an analogous notion
for holomorphic vertex operator algebras (VOA): A holomorphic VOA of central charge c is extremal if
the only states of conformal weight less than 2 + 2⌊ c24⌋ are Virasoro descendants [Ho¨h08]. There is also
a physical motivation for this definition coming from AdS/CFT holography and pure gravity [Wit07].
For d = 24 the unique extremal lattice is the Leech lattice, and for c = 24 an extremal VOA is the
monster VOA V ♮. For d = 48 and d = 72, several examples of extremal lattices have been constructed
[CS99,Neb98,Neb12,Neb14]. There are however no known examples of extremal VOAs of these central
charges, and their existence is an open question. In this article we are interested in a related question:
We want to construct holomorphic VOAs which are not necessarily extremal, but which have a relatively
small number of states of low weight. We focus on central charge 48 and 72 here. In that case an
extremal VOA would have
dimV(1) = 0 , dimV(2) = 1 , (and for c = 72 :) dimV(3) = 1 .
Our goal is to construct examples which come as close as possible to these numbers. We find in fact
Theorem 1.1. There exists a tame holomorphic VOA with central charge c = 48 and
dimV(1) = 0 , dim V(2) = 48 .
There also exists such a VOA with c = 72 and
dim V(1) = 0 , dimV(2) = 36 , dim V(3) = 408 .
A natural idea to construct an extremal VOA is of course to start with extremal lattices and construct
the corresponding lattice VOAs. These, however, are still far from extremal VOAs, since the Heisenberg
modes give a large number of states in V(1) and V(2). To reduce this number of states, we want to orbifold
by subgroups of automorphism group of the VOA, thereby eliminating non-invariant states in exchange
for adding states from twisted modules. As we will see, in a wide range of cases this leads to a significant
net reduction in the number of low weight states.
Let us briefly review the status of orbifold VOAs with a focus on holomorphic VOAs. We call a
VOA V tame if it is rational, C2-cofinite, simple, self-contragredient and of CFT-type. The significance
of these assumption is that it was proven by Huang [Hua08b] that the fusion rules for the modules of
a tame VOA satisfy the Verlinde formula [Ver88] and hence that the modules form a modular tensor
category [Hua08a]. A rational VOA which only has itself as an irreducible module is called holomorphic.
Lattice VOAs corresponding to even, unimodular lattices are the best known class of tame, holomorphic
VOAs and the one we are primarily interested in. To construct an orbifold of a VOA V , let us first pick
a subgroup G of the automorphism group of V . In a first step one can construct the modules of the
fixed-point VOA V G. By the combined results of [DM99,Miy15,CM16], if G is a solvable group and V
is tame, then V G is again tame. The modular tensor category V G-mod of its modules can be obtained
as the module category of a twisted Drinfeld double of the group G, Dω(G)-mod. Here ω is a 3-cocycle
ω ∈ H3(G,U(1)). This was first discussed in [RPD90], following up on work on the operator algebra of
general orbifolds [DVVV89]. Together with G, ω thus completely determines the fusion rules and the
S matrices of the modular tensor category. In general V G will not be holomorphic. To construct new
holomorphic VOAs, we therefore need to find holomorphic extensions of V G. That is, we want to adjoin
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modules to V G such that we recover a holomorphic VOA V orb(G). The general theory of such extensions
is described in [EG]. The data of a holomorphic extension is a subgroup H ≤ G such that ω|H is trivial,
and a choice of 2-cocycle ψ ∈ Z2(H ×H,U(1)) (‘discrete torsion’) such that ψ((h, h), (h1, h2)) = 1 and
ψ((h, 1), (1, h′)) = ψ((1, h′), (h, 1)).
In this article we will concentrate on cyclic orbifolds only. This case was fully described in [vMS17a],
and one does not need to make use of the general construction described above. In particular, the
characters of all modules can be obtained from the untwisted sector by modular transformations, so that
we do not need to construct explicitly the twisted modules and the action of g on them. For the extension
problem, we can use the results obtained in [vMS17a] which guarantee the existence of a holomorphic
extension of V G under the right conditions on H , namely that it is of type 0, or (in physics language)
that level-matching is satisfied.
Using this technology, we systematically investigate cyclic orbifolds of the four known extremal lattices
in d = 48 and the one known extremal lattice in d = 72. In doing so we construct around a hundred new
holomorphic VOAs. As stated in Theorem 1.1, we construct an example with c = 48 and dimV(1) =
0, dimV(2) = 48. This is of course no extremal VOA, but it is a vast improvement over the unorbifolded
lattice VOA which has dim V(2) = 1224. For d = 72 we find an example with dimV(2) = 36 and
dimV(3) = 408.
Let us note that a large number of our new VOAs have no spin-one currents, that is dimV(1) = 0. This
suggests that their automorphism groups may be finite just as in the case of V ♮. It may be interesting
therefore to search for moonshine in those examples.
The bulk of our work involves computing the characters of all such orbifolds. We automatized this
process by using Hecke-Schoenberg for the lattice theta functions and the fact that we were able to
express all modular forms that appeared as quotients of eta functions. This reduces the computational
work to computing theta functions of fixed point lattices, which we did using MAGMA [BCP97]. For
both 48- and 72-dimensional lattices we could cover all but a small number of cyclic automorphism
groups in the sense that we found at least one lift where this was possible. The remaining cases require
computations of lattice theta functions that we were unable to complete within acceptable time.
Acknowledgements: We thank Patrick Hnilicka and Gabriele Nebe for helpful discussions. We are very
grateful to Sven Mo¨ller and Nils Scheithauer for helpful discussions, sharing some of their computer code
with us and for very helpful remarks on our draft. We particularly thank David Evans and Terry Gannon
for sharing their draft with us and for explaining their results to us. CAK thanks the Banff International
Research Station for hospitality. TG and CAK are supported by the Swiss National Science Foundation
through the NCCR SwissMAP. The work of TG is supported by the Swiss National Science Foundation
Project Grant 175494.
2. Cyclic Orbifolds
In this section we will collect results on cyclic orbifolds, mainly from [vMS17a] and [Mo¨l16]. For
simplicity we will always assume that the VOA V is holomorphic and tame, as in the main part of
this article we will only be interested in lattice VOAs corresponding to even, unimodular lattices which
are indeed tame and holomorphic, even though some of the results we quote also hold under weaker
assumptions on V .
Let g be an automorphism of V of order n. Then V decomposes into g-eigenspaces
V :=
⊕
r∈Zn
V r,
where V r = {v ∈ V | gv = e( rn )v} and e(q) denotes e
2πiq.
Theorem 2.1. [DLM00, vMS17a] Up to isomorphism V possesses a unique irreducible g-twisted V -
module V (g) and the conformal weight ρg of V (g) lies in (1/n
2)Z.
Let G = 〈g〉 be a finite, cyclic group of automorphisms of V of order n. Then for each h ∈ G there is
a representation of G φh : G→ AutC(V (h)) on the vector space of V (h) such that
φh(k)YV (h)(v, x)φh(k)
−1 = YV (h)(kv, x),
for all k ∈ G and v ∈ V and these representations are unique up to multiplication by an n-th root of
unity.
We decompose V (gj) in φj(g) eigenspaces
V (gj) =
⊕
l∈Zn
W (j,l),
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where
W (j,l) = {w ∈ V (gj) | φj(g)v = e(l/n)v}.
Combining results of [CM16,Miy15,MT04] we have
Theorem 2.2. The fixed-point subalgebra V G is again a tame VOA and up to isomorphism there are
exactly n2 distinct irreducible V G-modules, namely the eigenspaces W (i,j).
Definition 2.1 (Twisted trace function). The twisted trace functions are defined as
T (v, i, j, τ) = tr |V (gi) o(v)φi(g
j)qL0−c/24
where o(v) = vwt(v)−1 for homogeneous v, linearly extended to V .
Note that
(1) TW (i,j)(v, τ) =
1
n
∑
k∈Zn
e(−jk/n)T (v, i, k, τ)
For later convenience we define
(2) T (i, j, τ) = T (1, i, j, τ) = tr |V (gi) φi(g
j)qL0−c/24
The function T (i, j, τ) is also called a twisted character for the automorphism gj on the twisted module
V (gi).
Definition 2.2 (Type). We define the type t of an vertex operator algebra automorphism g by
t = n2ρg mod n
The modular transformation properties of the twisted characters depend on the choice of the repre-
sentations φi. It was shown in [vMS17a] and [Mo¨l16] that the they can chosen such that the following
results hold:
Theorem 2.3 (Modular Invariance of Trace Functions). Let V have central charge c such that 8 | c and
g be an automorphism of order n and type 0. Then the twisted traces transform under the action of a
modular transformation M =
(
α β
γ δ
)
∈ SL2(Z) as
(γτ + δ)−wt(v)T (v, i, j,M · τ) = Z(M)T (v, (i, j) ·M, τ),
where the character Z(M) : SL2(Z)→ U3 is given by
Z(M) =
{
e((−c/24)(β − γ)δ) if 3 ∤ δ
e((−c/24)(β + (α+ 1)γ) if 3 | δ
In particular, if 24 | c and v = 1 we find that
T (1, i, j,M · τ) = T (1, (i, j) ·M, τ)
Corollary 2.4. For V and g as in the theorem above we find that
(1) T (v, i, j, τ) and TW (i,j)(v, τ), i, j ∈ Zn, are modular forms for Γ(n),
(2) T (v, 0, j, τ), j ∈ Zn, are modular forms for Γ1(n),
(3) T (v, 0, 0, τ) is a modular form for Γ,
(4) TW (0,0)(v, τ) is a modular form for Γ0(n).
Here we denote SL2(Z) by Γ, and Γ(n),Γ1(n) and Γ0(n) denote the usual congruence subgroups.
We now want to adjoin a suitable set of twisted modules to the fixed point algebra V G to obtain a
holomorphic VOA V orb(G). To this end let us state the central theorem allowing us to extend V G to a
holomorphic VOA:
Theorem 2.5 (Cyclic orbifold [vMS17a]). Let G = 〈g〉 be a finite, cyclic group of automorphisms of V
of order n and type 0. Then the direct sum
V orb(G) =
⊕
i∈Zn
W (i,0)
admits the structure of a holomorphic, rational vertex operator algebra of CFT-Type extending V G and
its irreducible modules. The vertex operator algebra V orb(G) will be called the standard orbifold of V by
G.
4 THOMAS GEMU¨NDEN AND CHRISTOPH A. KELLER
Note that the original theorem in [vMS17a] is more general. For obtaining holomorphic VOAs, our
version is general enough.
Using equation 1 we find that the character V orb(G) is given by
(3) chV orb(G)(τ) =
∑
i∈Zn
TW (i,0)(1, τ) =
1
n
∑
i,j∈Zn
T (1, i, j, τ) =
1
n
∑
i,j∈Zn
T (i, j, τ)
It follows immediately that
Corollary 2.6. chV orb(G) (τ) is modular invariant.
Proof. By Theorem 2.3, a modular transformation only permutes terms in the sum in equation (3). 
In order to calculate characters it will be useful to define further modular invariants by splitting (3)
into orbits under the modular group.
Theorem 2.7. For t | n define
(4) Ct(τ) =
∑
i,j:(i,j,n)=t
T (i, j, τ) .
Then Ct is a modular function for Γ.
Proof. For i, j ∈ Zn and M ∈ SL2(Z) we have (i, j, n) = ((i, j)M,n) so that modular transformations
only permute terms in the sum in equation (4). 
Note that we can express the character of V orb(G) as
chV orb(G) (τ) =
1
n
∑
t|n
Ct(τ) .
Recall that according to Corollary 2.4 for t | n, T (0, t, τ) is a modular function for Γ1(n/t). Then
Ct(τ) is the sum of Γ1(n/t)-inequivalent modular images of T (0, t, τ). As should be expected, we find
that the number of terms in equation (4) is equal to the index of Γ1(n/t) in Γ:
|{(i, j) ∈ Zn/t : (i, j, n/t) = 1}| = [Γ : Γ1(n/t)] =
(n
t
)2 ∏
p|n/t,p prime
(
1−
1
p2
)
.
In order to calculate the Ct(τ) it will be convenient to first introduce a further modular invariant
Dt(τ)
Lemma 2.8. For t | n define
(5) Dt(τ) :=
∑
(j,n)=t
T (0, j, τ) .
Then Dt is invariant under Γ0(n/t).
Proof. From Corollary 2.4 we know that T (0, j, τ) invariant under Γ1(n/t), with t = (n, j). T (0, t, τ) is
mapped to T (0, j, τ), with (n, j) = t by the representative
(
∗ ∗
n/t j/t
)
∈ Γ1(n/t)\Γ0(n/t). Furthermore
[Γ0(n/t) : Γ1(n/t)] = |{j ∈ Zn : (n, j) = t}| = ϕ(n/t), where ϕ is Euler’s totient function, which follows
immediately from standard result on congruence subgroups as presented, for example, in [Iwa97]. Hence
{T (0, j, τ) : (n, j) = t, j ∈ Zn} is the set of inequivalent Γ0(n/t)-images of T (0, t, τ) and their sum is
modular function for Γ0(n/t). 
It follows immediately that Ct(τ) is the sum of Γ0(n/t)-inequivalent modular images of Dt(τ).
Corollary 2.9. It is easy to see that for a prime p a set of representatives for Γ0(p)\Γ is given by
{id} ∪ {ST i : i = 0, . . . , p− 1}.
ORBIFOLDS OF LATTICE VERTEX OPERATOR ALGEBRAS AT d = 48 AND d = 72 5
3. Lattice VOAs and their Automorphisms
3.1. Lattice VOAs. The affine Lie algebra, called the Heisenberg current algebra, associated with the
complexified lattice h = L⊗Z C is given by
hˆ =
(
h⊗C C[t, t
−1]
)
⊕ Ck,
with the Lie bracket defined by the linear continuation of
[x(n), y(m)] = 〈x, y〉nδn+mk and [u,k] = 0
for x, y ∈ h,n,m ∈ Z and u ∈ hˆ where we use the shorthand x(n) := x⊗ tn.
The twisted group algebra Cǫ[L] corresponding to the lattice L is spanned by the C-basis {eα}α∈L and
the multiplication is defined by
eαeβ = ǫ(α, β)eα+β ,
where ǫ : L× L→ {±1} is a 2-cocycle satisfying
(6) ǫ(α, α) = (−1)〈α,α〉/2 and ǫ(α, β)/ǫ(β, α) = (−1)〈α,β〉
for α, β ∈ L. We define the weight by wt(eα) = 〈α, α〉/2.
The Lattice Vertex Operator Algebra VL corresponding to the lattice L is spanned by elements
hk(−nk) . . . h1(−n1)1 ⊗ eα
with nk, . . . , n1 ≥ 0, where we let the Heisenberg current algebra act on the vector space C as
h(n) · w = 0 and k · w = w,
for all w ∈ C, h ∈ h and n ∈ Z≥0. The weight of this element is given by
n1 + · · ·+ nk +
1
2
〈α, α〉 ∈ Z≥0 .
3.2. Automorphisms of Lattice Vertex Operator Algebras. We can obtain an automorphism
νˆ = νh⊗ νǫ of the lattice vertex operator algebra VL by lifting an automorphism ν of L. ν acts naturally
on the Heisenberg current algebra to give νh via
νhhk(−nk) . . . h1(−n1)1 = (νhk)(−nk) . . . (νh1)(−n1)1
It can be shown that νˆ is an automorphism of VL if and only if νǫ is an automorphism of the twisted
group algebra Cǫ[L] such that
νǫ(eαeβ) = νǫ(eα)νǫ(eβ).
Then νǫ satisfies
(7) νǫ(eα) = u(α)eνα,
where u : L→ C∗ is a function satisfying
(8)
ǫ(α, β)
ǫ(να, νβ)
=
u(α)u(β)
u(α+ β)
.
As an immediate consequence we have the following result:
Lemma 3.1. The restriction of u to the fixed-point sublattice Lν is a homomorphism of abelian groups.
Definition 3.1. Note that ǫ(α,β)ǫ(να,νβ) ∈ B
2(L, {±1}) is a 2-coboundary so that a function u : L → {±1}
satisfying equation (8) always exists. The group of all lifted lattice automorphisms as above such that
u : L→ {±1} will be denoted by O(Lˆ).
Theorem 3.2. The lift νˆ = νh ⊗ νǫ as defined above is an automorphism of the lattice vertex operator
algebra VL.
Definition 3.2 (Standard Lift). Given an automorphism ν ∈ Aut(L) the function u can always be
chosen such that
u(α) = 1 for all α ∈ Lν ,
such that νǫ(eα) = eα for all α ∈ L
ν . We call such a lift a standard lift.
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If νǫ acts on eα as in Equation 7 then ν
k
ǫ acts as
(9) νkǫ (eα) = wk(α)eνkα,
where wk(α) = u(α)u(να) . . . u(ν
k−1α).
Note that wk(α) satisfies Equation 8 for the automorphism ν
k ∈ Aut(L) so that νkǫ is a lift of ν
k. The
restriction of w to the fixed point lattice Lν is in particular given by
(10) wk(α) = u(α)
k, for α ∈ Lν .
If νǫ is a standard lift then in general this will not be the case for ν
k
ǫ . In fact, we have the following
result:
Theorem 3.3. [Mo¨l16,Bor92] Let νǫ be a lift of ν ∈ Aut(L) of order m as in Equation 7. Then for all
k ∈ Z≥0,
νkǫ (eα) = (−1)
〈α,
∑k−1
i=0 ν
iα〉u
( k−1∑
i=0
νiα
)
eα = eαu
( k−1∑
i=0
νiα
)
·
{
1 if m or k is odd,
(−1)〈α,ν
k/2α〉 if m and k are even,
for all α ∈ Lν
k
.
In other words, the restriction of wk(α) to the fixed-point sublattice L
νk is given by
(11) wk(α) = u
( k−1∑
i=0
νiα
)
·
{
1 if m or k is odd,
(−1)〈α,ν
k/2α〉 if m and k are even,
for all α ∈ Lν
k
.
Remark. Note that
∑k−1
i=0 ν
iα ∈ Lν for all α ∈ Lν
k
. It follows that if Lν = {0} then νkǫ is a standard lift
for all k.
An immediate consequence of this is the following corollary on the order of lifted automorphisms:
Corollary 3.4 (Order of lifted automorphisms). Let νˆ be a standard lift of ν of order m. If m is odd,
then νˆ has order m. If m is even, then νˆ has order m if 〈α, νm/2α〉 ∈ 2Z for all α ∈ L and order 2m
otherwise.
In fact, [DN99] give a complete description of all automorphisms of VL, which we can use to construct
non-standard lifts. Let O(Lˆ) be as in Definition 3.1 and define
(12) N = 〈ea0 : a ∈ V(1)〉.
Theorem 3.5. [DN99] Let L be a positive definite even lattice. Then
Aut(VL) = N ·O(Lˆ)
In particular, if L has no vectors of length 2 we have
N = 〈eh0 : h ∈ h〉.
Corollary 3.6. This implies in particular that all lifts νǫ of ν act as
(13) νǫ(eα) = e
2πi〈β,α〉u˜(α)eνα,
for some vector β ∈ h, such that the restriction of u˜ to the fixed point lattice is unity.
The automorphism eh0 is conjugate to e
1
n (
∑n
i=1 ν
ih)0 [vMS17b] hence we may choose β ∈ hν without
loss of generality.
3.3. Characters of Twisted Modules for Lattice Vertex Operator Algebras. We can now use
such an automorphism νˆ to construct twisted modules and obtain their characters. For lattice VOAs
there is in principle an explicit expression for the twisted sector V (g) and the action of G on it, so
that one could obtain the trace directly. For cyclic orbifolds however we can avoid this. The idea is to
use Theorem 2.3 to obtain all twisted characters from the untwisted characters T (0, j, τ) by applying
SL2(Z) transformations. More precisely, we can obtain the untwisted characters T (0, j, τ) directly, and
use them to obtain the Dt(τ). From this we will then be able to recover chV orb(G)(τ) through modular
transformations. The following results will be central to this:
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Theorem 3.7. Let νˆ be an automorphism of VL obtained as a lift of a lattice automorphism ν ∈ Aut(L)
defined by a function u : L → C∗, where ν has cycle type
∏
t|n t
bt . Then the twisted character for νˆ on
VL is given by
(14) trVL νˆq
L0−c/24 =
ϑLν ,u(τ)
ην(τ)
,
where ϑLν ,u(τ) is the generalised theta function of the fixed-point sublattice L
ν given by
ϑLν ,u(τ) =
∑
α∈Lν
u(α)q〈α,α〉/2 ,
and the Eta-quotient ην(τ) is given by
(15) ην(τ) =
∏
t|n
η(tτ)bt .
This follows from a straightforward computation. For a definition of the cycle type of ν, see appen-
dix A. For the transformation properties of eta quotients, see appendix B.
For a standard lift (Definition 3.2) this clearly reduces to the familiar result
trVL νˆq
L0−c/24 =
ϑLν (τ)
ην(τ)
,
where ϑLν (τ) is the ordinary theta function of the fixed-point sublattice L
ν . We find the corresponding
result for the automorphism νˆk:
trVL νˆ
kqL0−c/24 =
ϑLνk ,w(τ)
ηνk(τ)
,
with w given by equation (9). In the language of twisted trace functions for the cyclic automorphism
group 〈νˆ〉 as defined in equation (2) this means
(16) T (0, j, τ) = trVL νˆ
jqL0−c/24 =
ϑLνj ,wj (τ)
ηνj (τ)
,
with wj defined as in equation (9) for the appropriate power.
We can now deduce the conformal weight of the unique irreducible νˆ-twisted VL-module
Theorem 3.8. Let ν be a lattice automorphism of order n with cycle type
∏
t|n t
bt and let νˆ be a lift of
ν as in Corollary 3.6. Then the the unique irreducible νˆ-twisted VL-module has conformal weight
(17) ρνˆ =
c
24
−
1
24
∑
t|n
bt
t
+
1
2
min(L′ + β),
where min(L′ + β) is the squared length of a minimal element of L′ + β.
Proof. Apply the S-transformation to the twisted trace T (0, 1, τ) as defined in equation (16) and use
Corollary B.5 and Theorem C.1. 
We are now ready to give a general expression for Dt as defined in Lemma 2.8 for lattice vertex
operator algebras.
Theorem 3.9.
Dt(τ) =
∑
d|nt
n
tdµ
(
n
td
)
ϑKt,d(τ)
ηνt(τ)
,
where Kt,d is the kernel of the restriction of w
d
t to the fixed-point lattice L
νt .
Proof. Using Equation 10 and the Mo¨bius inversion formula we have
ηνt(τ)Dt(τ) =
∑
α∈Lνt
( ∑
(k,nt )=1
wkt (α)
)
q〈α,α〉/2
=
∑
α∈Lνt
(∑
d|nt
µ
( n
td
)( ntd∑
k=1
wkdt (α)
))
q〈α,α〉/2
=
∑
d|nt
µ
( n
td
)( ∑
α∈Lνt
( ntd∑
k=1
wkdt (α)
)
q〈α,α〉/2
)
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Now wdt is a
n
td -th root of unity for all t and d, hence
∑ n
td
k=1 w
kd
t (α) is equal to
n
td if α is in the kernel
and vanishes otherwise. The stated result follows. 
Furthermore, we can show that the modular transformation properties of the lattice theta functions
in the above theorem are in fact related.
Lemma 3.10. The theta functions in the above theorem all transform with the same character.
Proof. Let L be a lattice with basis {vj}, w : L → C
∗ a homomorphism such that n is the least integer
with w(α)n = 1 for all α ∈ L and w(vj) = e
2πilj/n for some lj for all j.
Then there exists a j0 such that (lj0 , n) = 1 and for every j 6= j0 we can find a κj ∈ Z such that
w(vj + κjvj0) = 1. Then {vj0} ∪ {vj + κjvj0 : j 6= j0} is a basis of L and {nvj0} ∪ {vj + κjvj0 : j 6= j0}
is a basis of ker(w). It follows that det(ker(w)) = n2det(L) and hence that the theta functions of L and
ker(w) transform under the same character. 
Note. Note that the Kt,d will be a full rank sublattice of L
νt . This is particularly problematic when
t is such that Lν
t
= L, as if the rank of Lν
t
and therefore of Kt,d is large the computational cost of
calculating the theta function to sufficiently high order may be prohibitive. This is the limiting factor
in our computations.
4. Orbifolds of extremal lattices
We are interested in VOAs which come from even self-dual extremal lattices in d = 48 and d = 72.
For d = 48, four such lattices are known [CS99, Neb98, Neb14], and in d = 72 one [Neb12]. Their
information is listed in table 4. As mentioned before, we are interested in extremal lattices because we
want to construct VOAs with few low weight states. To do this as systematically as possible, we use the
following approach. For a given lattice, we use MAGMA to first identify all conjugacy classes of cyclic
groups of Aut(L) and their generators g. For each generator we then proceed on a case by case basis.
(1) In the simplest case, g and all its powers have no fixed point lattices. This turns out to be a
fairly common case. In that case the only lift is the standard lift, and gˆ has the same order
as g. The T (0, j, τ) are simply eta-quotients, whose SL2(Z) transformation properties we know
from proposition B.2, so that we can obtain all T (i, j, τ) from Theorem 2.3. We can compute the
type of all orbifolds, and only keep the ones of type 0 to construct holomorphic orbifolds VOA
V orb(〈gˆ〉).
If g has a non-trivial fixed point lattice Lg, there are more options. We can still use a standard lift
to obtain gˆ, but in this case it can happen by Corollary 3.4 that the order of gˆ is double the order of g.
Again we are looking for type 0 orbifolds. If the standard lift gˆ does not have type 0, we can try to use
a non-standard lift of g to obtain a VOA automorphism which does have type 0. In the cases at hand
we could always find such a non-standard lift. We will discuss no-standard lifts below, and first discuss
the case where gˆ and all its powers are standard lifts.
(2) If the order of gˆ is prime, and all powers of gˆ are standard lifts, then all the T (0, j, τ) are equal to
a product of an eta quotient and a (ordinary) lattice theta function and by Corollary 2.9 all the
remaining twisted characters can be obtained from the T (i, 0, τ) by applying T -transformations.
In order to calculate T (i, 0, τ) we express the S-transformation of the lattice theta function
ϑLg(τ) in terms of the theta function of the dual lattice (L
g)′ using the inversion formula C.1
in appendix C ϑLg(−1/τ) = (detL
g)−
1
2 (−iτ)Rank(L
g)ϑ(Lg)′(τ). Subsequent summation over T -
images will only remove non-integer orders in the q-expansion of T (i, 0, τ). See also [vMS17a].
(3) If the order of gˆ is not prime, but all powers of gˆ are standard lifts, then all the T (0, j, τ) are
equal to a product of an eta quotient and a (ordinary) lattice theta function. The theorem of
Hecke-Schoenberg tells us that those lattice theta functions are modular forms of Γ0(N) for some
level N of some weight k, possibly with some character χ. (Alternatively we could also apply
Lemma 2.8 to establish this for Dt(τ).) We can try to express these in terms of eta quotients.
In all cases at hand, following the approach of Rouse and Webb [RW15] we are able to find a
basis of Mk(Γ0(n)) in terms of eta-quotients by virtue of Theorem B.4 — see table 8 for these
bases. This allows us to express Dt(τ) as sums of eta quotients, so that we can read off the
SL2(Z)-transformations.
The resulting characters of orbifold VOAs constructed in (1) through (3) are listed under ‘Standard lift
without order doubling’ in the tables below. They form indeed the majority of the cases we analysed.
Next let us discuss non-standard lifts.
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L Aut(L) |Aut(L)|
P48m multiple of 1200 = 2
4 3 52
P48n (SL2(13)YSL2(5)) · 2
2 524160 = 27 32 57 13
P48p (SL2(23)× S3) : 2 72864 = 2
5 32 11 23
P48q SL2(47) 103776 = 2
5 3 23 47
Γ72 (SL2(25)× PSL2(7)) : 2 241600 = 2
8 32 52 7 13
Table 1. Known extremal lattices in d = 48 and 72. Taken from [Neb14]. Explicit
expressions for the Gram matrix and the generators of the automorphism groups were
taken from [NS]
(4) In the simplest case we still take gˆ to be a standard lift, but have some gˆk that are not standard,
such as in the case of order doubling described in Corollary 3.4. gˆk thus leads to generalized
theta functions with phases. We can however use Theorem 3.9 to express those in terms of
standard theta functions, and use Hecke-Schoenberg again just as before. We listed these cases
under ‘Standard lift with order doubling’ in the tables below.
(5) Finally, we can consider cases where the standard lift for g does not give an orbifold of type 0.
In this case we can consider instead more general lifts of the form of Corollary 3.6. The idea is
to pick a vector β, which increases the order gˆ so that the resulting orbifold becomes type 0. We
were able to find at least one such β for every orbifold with a non-vanishing fixed point lattice.
Again we get generalized theta functions with phases, and use Theorem 3.9 to rewrite them in
terms of standard theta functions. We listed these cases under ‘Non-standard lift’ in the tables
below.
In the following we list all holomorphic extensions that we could find. For the lattices in d = 48,
this covers all cyclic orbifolds with vanishing fixed point lattice and gives one example for every cyclic
orbifold with non-vanishing fixed point lattice without order doubling. We did however not systematically
construct all possible lifts in those cases. For the lattice Γ72 we list orbifolds for all cyclic groups such
every element is a standard lift. Our constructions in particular give the VOAs listed in theorem 1.1.
4.1. Cyclic orbifolds for the Lattice P48m.
n Cg Rank(L
g) chV orb(〈g˜〉)(q)
Standard lift without order doubling
1 148 48 q−2 + 48q−1 + 1224 +O(q)
2 1−48248 0 q−2 + 1176 +O(q)
3 1−24324 0 q−2 + 576 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
5 1−2510 8 q−2 + 8q−1 + 264 +O(q)
5 1−2510 8 q−2 + 8q−1 + 264 +O(q)
5 1−12512 0 q−2 + 288 +O(q)
5 1858 16 q−2 + 16q−1 + 456 +O(q)
6 1242−243−24624 0 q−2 + 1176 +O(q)
10 122−25−101010 0 q−2 + 312 +O(q)
10 122−25−101010 0 q−2 + 312 +O(q)
10 1−8285−8108 0 q−2 + 408 +O(q)
10 1122−125−121012 0 q−2 + 600 +O(q)
12 2124−126−121212 0 q−2 + 648 +O(q)
15 113−15−5155 0 q−2 + 192 +O(q)
15 163−65−6156 0 q−2 + 360 +O(q)
15 113−15−5155 0 q−2 + 192 +O(q)
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n Cg Rank(L
g) chV orb(〈g˜〉)(q)
15 1−4345−4154 0 q−2 + 192 +O(q)
20 264−610−6206 0 q−2 + 360 +O(q)
30 1−62636566−610−615−6306 0 q−2 + 600 +O(q)
30 142−43−4546410−415−4304 0 q−2 + 408 +O(q)
30 1−12131556−110−515−5305 0 q−2 + 312 +O(q)
30 1−12131556−110−515−5305 0 q−2 + 312 +O(q)
Standard lift with order doubling
4 224 24 q−2 + 24q−1 + 1896 +O(q)
20 24104 8 q−2 + 8q−1 + 744 +O(q)
4.2. Cyclic orbifolds for the Lattice P48n.
n Cg Rank(L
g) chV orb(〈g˜〉)(q)
Standard lift without order doubling
1 148 48 q−2 + 48q−1 + 1224 +O(q)
2 224 24 q−2 + 24q−1 + 648 +O(q)
2 1−48248 0 q−2 + 1176 +O(q)
2 224 24 q−2 + 24q−1 + 648 +O(q)
3 1−24324 0 q−2 + 576 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
5 1−12512 0 q−2 + 288 +O(q)
6 2−12612 0 q−2 + 288 +O(q)
6 2−12612 0 q−2 + 288 +O(q)
6 1242−243−24624 0 q−2 + 1176 +O(q)
7 1−878 0 q−2 + 192 +O(q)
10 1122−125−121012 0 q−2 + 600 +O(q)
10 2−6106 0 q−2 + 142 +O(q)
12 2124−126−121212 0 q−2 + 648 +O(q)
12 2124−126−121212 0 q−2 + 648 +O(q)
12 2124−126−121212 0 q−2 + 648 +O(q)
13 1−4134 0 q−2 + 96 +O(q)
14 2−4144 0 q−2 + 96 +O(q)
14 182−87−8148 0 q−2 + 408 +O(q)
14 2−4144 0 q−2 + 96 +O(q)
20 264−610−6206 0 q−2 + 360 +O(q)
21 143−47−4214 0 q−2 + 246 +O(q)
26 2−2262 0 q−2 + 48 +O(q)
26 142−413−4264 0 q−2 + 216 +O(q)
28 244−414−4284 0 q−2 + 264 +O(q)
28 244−414−4284 0 q−2 + 264 +O(q)
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n Cg Rank(L
g) chV orb(〈g˜〉)(q)
28 244−414−4284 0 q−2 + 264 +O(q)
35 125−27−2352 0 q−2 + 168 +O(q)
39 123−213−2392 0 q−2 + 168 +O(q)
42 226−214−2422 0 q−2 + 168 +O(q)
42 226−214−2422 0 q−2 + 168 +O(q)
42 1−424346−47414−421−4424 0 q−2 + 408 +O(q)
52 224−226−2522 0 q−2 + 168 +O(q)
65 115−113−1651 0 q−2 + 120 +O(q)
70 1−222527210−214−235−2702 0 q−2 + 216 +O(q)
70 2110−114−1701 0 q−2 + 120 +O(q)
78 216−126−1781 0 q−2 + 120 +O(q)
78 1−222326−213226−239−2782 0 q−2 + 216 +O(q)
84 2−2426212−214228−2422842 0 q−2 + 192 +O(q)
130 1−1215110−113126−165−11301 0 q−2 + 120 +O(q)
Standard lift with order doubling
4 224 24 q−2 + 24q−1 + 1896 +O(q)
8 412 12 q−2 + 12q−1 + 936 +O(q)
Non-standard lift
9 316 16 q−2 + 18q−1 + 1488 +O(q)
9 316 16 q−2 + 18q−1 + 1560 +O(q)
18 68 8 q−2 + 8q−1 + 816 +O(q)
18 68 8 q−2 + 8q−1 + 888 +O(q)
4.3. Cyclic orbifolds for the Lattice P48p.
n Cg Rank(L
g) chV orb(〈g˜〉)(q)
Standard lift without order doubling
1 148 48 q−2 + 48q−1 + 1224 +O(q)
2 1−48248 0 q−2 + 1176 +O(q)
3 1−24324 0 q−2 + 576 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
6 1242−243−24624 0 q−2 + 1176 +O(q)
11 14114 8 q−2 + 8q−1 + 264 +O(q)
12 2124−126−121212 0 q−2 + 648 +O(q)
12 2124−126−121212 0 q−2 + 648 +O(q)
22 1−42411−4224 0 q−2 + 216 +O(q)
23 12232 4 q−2 + 4q−1 + 168 +O(q)
33 1−23211−2332 0 q−2 + 96 +O(q)
44 2−24222−2442 0 q−2 + 96 +O(q)
46 1−22223−2462 0 q−2 + 120 +O(q)
66 122−23−26211222−233−2662 0 q−2 + 216 +O(q)
69 1−13123−1691 0 q−2 + 48 +O(q)
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n Cg Rank(L
g) chV orb(〈g˜〉)(q)
132 214−16−112122144−166−11321 0 q−2 + 168 +O(q)
138 112−13−16123146−169−11381 0 q−2 + 120 +O(q)
Standard lift with order doubling
4 224 24 q−2 + 24q−1 + 744 +O(q)
4 224 24 q−2 + 24q−1 + 1800 +O(q)
44 22222 4 q−2 + 4q−1 + 264 +O(q)
44 22222 4 q−2 + 4q−1 + 360 +O(q)
92 21461 2 q−2 + 2q−1 + 216 +O(q)
Non-standard lift
9 316 16 q−2 + 18q−1 + 1488 +O(q)
9 316 16 q−2 + 18q−1 + 1632 +O(q)
4.4. Cyclic orbifolds for the Lattice P48q.
n Cg Rank(L
g) chV orb(〈g˜〉)(q)
Standard lift without order doubling
1 148 48 q−2 + 48q−1 + 1224 +O(q)
2 1−48248 0 q−2 + 1176 +O(q)
4 2−24424 0 q−2 + 576 +O(q)
23 12232 4 q−2 + 4q−1 + 168 +O(q)
46 1−22223−2462 0 q−2 + 120 +O(q)
47 11471 2 q−2 + 2q−1 + 120 +O(q)
94 1−12147−1941 0 q−2 + 72 +O(q)
Non-standard lift
9 316 16 q−2 + 18q−1 + 1560 +O(q)
4.5. Cyclic orbifolds for the Lattice Γ72.
n Cg Rank(L
g) chV orb(〈g˜〉)(q)
Standard lift without order doubling
1 172 72 q−3 + 72q−2 + 2700q−1 + 70080 +O(q)
2 1−24248 24 q−3 + 24q−2 + 1500q−1 + 37824 +O(q)
2 1−72272 0 q−3 + 2628q−1 + 5184 +O(q)
2 124224 48 q−3 + 48q−2 + 1548q−1 + 40704 +O(q)
3 324 24 q−3 + 24q−2 + 900q−1 + 23424 +O(q)
3 324 24 q−3 + 24q−2 + 900q−1 + 23424 +O(q)
3 324 24 q−3 + 24q−2 + 900q−1 + 23424 +O(q)
4 1−24424 0 q−3 + 876q−1 + 16128 +O(q)
4 1242−24424 24 q−3 + 24q−2 + 900q−1 + 23424 +O(q)
5 112512 24 q−3 + 24q−2 + 612q−1 + 16512 +O(q)
5 1−18518 0 q−3 + 648q−1 + 13608 +O(q)
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n Cg Rank(L
g) chV orb(〈g˜〉)(q)
6 3−24624 0 q−3 + 876q−1 + 1728 +O(q)
6 3−24624 0 q−3 + 876q−1 + 1728 +O(q)
6 3−8616 8 q−3 + 8q−2 + 500q−1 + 12672 +O(q)
6 3868 16 q−3 + 16q−2 + 516q−1 + 13632 +O(q)
6 3−24624 0 q−3 + 876q−1 + 1728 +O(q)
7 1−12712 0 q−3 + 432q−1 + 9936 +O(q)
10 1182−185−181018 0 q−3 + 648q−1 + 5928 +O(q)
10 1−122125−121012 0 q−3 + 588q−1 + 1728 +O(q)
10 142454104 16 q−3 + 16q−2 + 356q−1 + 9792 +O(q)
10 1−62−656106 0 q−3 + 360q−1 + 7992 +O(q)
10 1−4285−4108 8 q−3 + 8q−2 + 340q−1 + 8832 +O(q)
10 162−125−61012 0 q−3 + 360q−1 + 7872 +O(q)
12 386−8128 8 q−3 + 8q−2 + 300q−1 + 7872 +O(q)
12 3−8128 0 q−3 + 292q−1 + 5376 +O(q)
13 1−6136 0 q−3 + 216q−1 + 5400 +O(q)
14 1122−127−121412 0 q−3 + 432q−1 + 3120 +O(q)
15 34154 8 q−3 + 8q−2 + 204q−1 + 5568 +O(q)
15 3−6156 0 q−3 + 216q−1 + 4536 +O(q)
20 142−4445410−4204 8 q−3 + 8q−2 + 204q−1 + 5568 +O(q)
20 164−65−6206 0 q−3 + 216q−1 + 4200 +O(q)
20 1−6264−65610−6206 0 q−3 + 216q−1 + 4536 +O(q)
20 1−4445−4204 0 q−3 + 196q−1 + 3840 +O(q)
21 3−4214 0 q−3 + 144q−1 + 3312 +O(q)
26 162−613−6266 0 q−3 + 216q−1 + 1176 +O(q)
26 1−22−2132262 0 q−3 + 120q−1 + 3144 +O(q)
26 122−413−2264 0 q−3 + 120q−1 + 3072 +O(q)
30 3−46415−4304 0 q−3 + 196q−1 + 576 +O(q)
30 366−615−6306 0 q−3 + 216q−1 + 2040 +O(q)
35 1−25−272352 0 q−3 + 96q−1 + 2352 +O(q)
35 135−37−3353 0 q−3 + 108q−1 + 2472 +O(q)
39 3−2392 0 q−3 + 72q−1 + 1800 +O(q)
42 346−421−4424 0 q−3 + 144q−1 + 1104 +O(q)
52 1−2224−213226−2522 0 q−3 + 72q−1 + 1800 +O(q)
52 124−213−2522 0 q−3 + 72q−1 + 1560 +O(q)
70 1−323537310−314−335−3703 0 q−3 + 108q−1 + 1512 +O(q)
70 122−2527−210−214235−2702 0 q−3 + 96q−1 + 912 +O(q)
78 326−239−2782 0 q−3 + 72q−1 + 456 +O(q)
91 117−113−1911 0 q−3 + 36q−1 + 984 +O(q)
182 1−1217113114−126−191−11821 0 q−3 + 36q−1 + 408 +O(q)
Appendix A. Lattice automorphisms and cycle type
Definition A.1. A cycle type C of order n is a set of pairs {(t, bt)}, such that t | n, bt ∈ Z and
gcd({t}) = n. As a shorthand we will write
C :=
∏
t|n
tbt .
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Let g be an automorphism of an integral lattice of order n. Then the characteristic polynomial of g
has integer coefficients and its roots are n-th roots of unity. Such a polynomial is a product of cyclotomic
polynomials
(18) χg(q) =
∏
t|n
Φt(q)
nt
where Φt is the t-th cyclotomic polynomial and nt ∈ N. Using the Mo¨bius inversion formula
Φt(q) =
∏
d|t
(qd − 1)µ
(
t
d
)
,
where µ is the Mo¨bius function, we can express the characteristic polynomial of g as
(19) χg(q) =
∏
t|n
(qt − 1)bt
with bt ∈ Z. From this we define the cycle type of g to be
∏
t|n t
bt .
Appendix B. Eta-quotients
Definition B.1. The Dedekind eta function, η(τ), is defined by the infinite product
η(τ) := q1/24
∞∏
n=1
(1− qn).
The modular transformation properties of the Dedekind eta-function are well known to be:
Theorem B.1 ( [Iwa97]). Under elements of SL(2,Z) η(τ) transforms as a modular form of weight 1/2
with multiplier system ϑ(γ):
η(γτ) = ϑ(γ)(cτ + d)
1
2 η(τ),where γ =
(
a b
c d
)
∈ SL(2,Z),
where
ϑ(γ) =


e(b/24) if c = 0
e
(
a+d−3c
24c −
1
2s(d, c)
)
if c > 0
with s(d, c) the Dedekind sum
s(d, c) =
∑
0≤n<c
n
c
(
dn
c
−
[
dn
c
]
−
1
2
)
.
Definition B.2. We define the eta-quotient ηC(τ) of cycle type C
ηC(τ) :=
∏
t|n
η(tτ)bt
To obtain the SL(2,Z)-transformation of such an eta-quotient we can use need the following lemma:
Proposition B.2. For every
(
A B
C D
)
∈ SL(2,Z) and q ∈ Z there exist an SL(2,Z)-transformation(
a b
c d
)
∈ SL(2,Z) and three integers α, β, γ ∈ Z such that:
(20) η
(
q
(
A B
C D
)
(τ)
)
= η
((
a b
c d
)(
ατ + β
γ
))
.
Then
(1) α = (qA,C)
(2) γ = qα
(3) a = qAα
(4) c = Cα
(5) ad ≡ 1 (mod c)
(6) b = ad−1c
(7) β = qBd−Db
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where (x, y) ≡ gcd(x, y).
Note that relation 5 implies that d is the modular inverse of a modulo c which always exists as
(a, c) = 1.
Proof. Expanding the argument on both sides of equation 20 we obtain
qAτ + qB
Cτ +D
=
aατ + aβ + bγ
cατ + cβ + dγ
Equating term by term and solving the resulting relations gives the above result. 
Together with Theorem B.1 this proposition fully determines the modular transformation properties
of the eta-quotients B.2.
Corollary B.3. Note that this result in particular implies that
c
ατ + β
γ
+ d =
Cτ +D
γ
.
By the following theorem we can express a wide range of functions in terms of eta-quotient and
therefore determine their modular transformation properties using Proposition B.2. (Reference to Ono+
here)
Theorem B.4 ( [Ono04]). An eta-quotient ηC(τ) satisfies
ηC
(
aτ + b
cτ + d
)
= χ(d)(cτ + d)kηC(τ),
for every
(
a b
c d
)
∈ Γ0(n) with k = (1/2)
∑
t|n bt and character χ(d) =
( (−1)ks
d
)
, where s :=
∏
t|n t
bt , if
the following additional conditions are satisfied by the cycle type C:
(1) 2k =
∑
t|n bt ≡ 0 (mod 2)
(2)
∑
t|n tbt ≡ 0 (mod 24)
(3)
∑
t|n
n
t bt ≡ 0 (mod 24)
The order of vanishing of ηC(τ) at the cusp at
c
d is given by
n
24
∑
t|n
(d, t)2bt
(d, nd )dt
.
Corollary B.5. For an eta-quotient satisfying the conditions of Theorem B.4 the integer 124
∑
t|n tbt
gives the lowest non-trivial order in its q-expansion and the integer
∑
t|n
n
t bt gives the lowest non-trivial
order in the q-expansion of its S-transformation.
Definition B.3. We define the kth power of C
Ck :=
∏
t|n
(
t
(t, k)
)(t,k)bt
.
In particular the usual relations for the exponential hold:
Lemma B.6.
(Ck)l = Ckl
Proof. The result follows immediately from
(
t
(t,k) , l
)
(t, k) = (t, kl). 
Next we will show that the conditions from Theorem B.4 carry over when we take the power of a cycle
type.
Theorem B.7. If the conditions 1 to 3 from Theorem B.4 hold for a cycle type C, then analogous
properties hold for the cycle type Ck so that
(1) ∑
t|n
(t, k)bt ≡ 0 (mod 2)
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(2) ∑
t|n
t
(t, k)
(t, k)bt =
∑
t|n
tbt ≡ 0 (mod 24)
(3) ∑
t|n
n
(n, k)
(t, k)2bt
t
≡ 0 (mod 24)
Proof. If (n, k) = 1 there is nothing to prove. Hence by Lemma B.6 it is sufficient to prove our result
for a prime divisor p of n. We express the set of divisors of n as the disjoint union of two sets R and S
such that p divides the elements of S and is coprime to the elements of R.
(1) ∑
t|n
(t, p)bt =
∑
r∈R
br + p
∑
s∈S
bs =
∑
r∈R
br + p
(
2k −
∑
r∈R
br
)
= 2pk − (p− 1)
∑
r∈R
br
If p 6= 2 then 2 | (p− 1) so that this concludes the first part of the proof.
If p = 2 we need to show that
∑
r∈R br ≡ 0 (mod 2). As
∑
s∈S sbs ≡ 0 (mod 2) Condition 2
implies that
∑
r∈R rbr ≡ 0 (mod 2). But as all the r in the sum are odd this implies the desired
result. 
(2) There is nothing to prove.
(3) We split the sum again into sums over multiples and coprimes of p:∑
t|n
n
(n, k)
(t, k)2bt
t
=
1
p
∑
r∈R
nbr
r
+ p
∑
s∈S
nbs
s
=
1
p
∑
r∈R
nbr
r
+ p(24m−
∑
r∈R
nbr
r
)
= 24pm−
p2 − 1
p
∑
r∈R
nbr
r
If p > 3 then 24 | p2 − 1 so this concludes the proof.
If p = 3 then p2 − 1 = 8 so that we need to prove that
∑
r∈R
nbr
r ≡ 0 (mod 9). Condition 2
implies that
∑
r∈R nbrr ≡ 0 (mod 9) as
∑
s∈S sbs ≡ 0 (mod 3). Therefore∑
r∈R
nbr
r
− nbrr = −
∑
r∈R
nbr
r2 − 1
r
≡ 0 (mod 9) =⇒
nbr
r
≡ 0 (mod 9),
because 3 | (r2 − 1), ∀r ∈ R.
If p = 2 then p2 − 1 = 3 so we need to prove that
∑
r∈R
nbr
r ≡ 0 (mod 16). Now
(21)
∑
r∈R
nbr
r
− nbrr = −
∑
r∈R
nbr
r2 − 1
r
≡ 0 (mod 16).
If 8 | n Condition 2 implies that
∑
r∈R nbrr ≡ 0 (mod 16) and the proof is concluded.
If 4 | n Condition 2 implies that
∑
r∈R nbrr ≡ 0 (mod 8). It follows that
∑
r∈R br ≡ 0 (mod 2)
and hence Condition 3 implies that
∑
s∈S bs ≡ 0 (mod 2). Then
∑
s∈S nsbs ≡ 0 (mod 16) and
by applying Condition 2 again, we find that
∑
r∈R nbrr ≡ 0 (mod 16) which concludes the proof.
If 2 | n we find by a similar reasoning that
∑
r∈R nbrr ≡ 0 (mod 8) and
∑
s∈S bs ≡ 0 (mod 2).
From Condition 3 we obtain that
∑
s∈S bs ≡ 0 (mod 2) Together with Conditions 3 this implies
that nbrr ≡ 0 (mod 4) and
nbs
s/(2,s) ≡ 0 (mod 8). This implies that
∑
s∈S nsbs ≡ 0 (mod 16) and
hence by Condition 2 that
∑
r∈R nbrr ≡ 0 (mod 16) which concludes the proof.

Corollary B.8. If ηC(τ) is modular form for the congruence subgroup Γ0(n), then ηCk is a modular
form for the group Γ0(n/(n, k)).
Table 8 shows bases of eta quotients for all the spaces of modular forms relevant to our computation.
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(N, k, χ(d)) Dim Cg
(4, 12, 1) 7 [2−24448], [182−24440], [1162−24432], [1242−24424], [1322−24416], [1402−2448], [1482−24]
(6, 4, 1) 5 [142−83−12624], [192−93−11619], [1142−103−10614], [1192−113−969], [1242−123−864]
(6, 8, 1) 9 [182−163−24648], [1132−173−23643], [1182−183−22638], [1232−193−21633], [1282−203−20628],
[1332−213−19623], [1382−223−18618], [1432−233−17613], [1482−243−1668]
(6, 12, 1) 13 [1122−243−36672], [1172−253−35667], [1222−263−34662], [1272−273−33657], [1322−283−32652],
[1372−293−31647], [1422−303−30642], [1472−313−29637], [1522−323−28632],
[1572−333−27627], [1622−343−26622], [1672−353−25617], [1722−363−24612]
(8, 6, 1) 7 [4−12824], [1−42104−14820], [1−82204−16816], [1−122304−18812],
[1−162404−2088], [1−202504−2284], [1−242604−24]
(9, 8, 1) 9 [1243−8], [3−8924], [115349−3], [11234], [163169−6],
[133169−3], [1−33289−9], [1−63289−6], [1−123409−12]
(10, 4, 1) 7 [1−102205210−4], [1−52155110−3], [21010−2], [15255−110−1]
[1105−2], [1152−55−3101], [1202−105−4102]
(10, 8, 1) 13 [1−202405410−8], [1−152355310−7], [1−102305210−6], [1−52255110−5], [22010−4],
[152155−110−3], [1102105−210−2], [115255−310−1], [1205−4],
[1252−55−5101], [1302−105−6102], [1352−155−7103], [1402−205−8104]
(12, 4, 1) 9 [1−42103−124−463012−12], [3−1664012−16], [142−103−204465012−20], [182−203−244866012−24],
[2−4486−4128], [2−2446−61212], [6−81216], [224−46−101220], [244−86−121224]
(15, 4, 1) 8 [183−45−4158], [1−33151515−5], [1−2510], [1−13−155155],
[3−21510], [15355−115−1], [1105−2], [1153−55−3151]
(18, 4, 1) 13 [1−12224346−8], [1−9221336−7], [1−6218326−6], [1−3215316−5], [2126−4],
[13293−16−3], [16263−26−2], [19233−36−1], [1123−4],
[1152−33−561], [1182−63−662], [1212−93−763], [1242−123−864]
(20, 4, 1) 12 [224−410−102020], [1−132294−105910−9202], [1−202504−205410−10204], [172−34−25−310−12010],
[10−82016], [1−162404−16], [122−14−15−210−32013], [152−24−15−110−62013],
[1−142374−155610−9203], [1−142334−135610−5201], [1−82204−85810−4], [1−122264−1051210−10202]
(44, 2, 1) 9 [182−4], [2−448], [22−4448], [12112], [112−34411−322944−4],
[1−1224−111322−2443], [132−24311−122244−1], [1−32711122−1], [1−3294−411122−3444]
(92, 1,
(
−23
d
)
) 6 [11231], [21461], [41921], [122−123246−1], [112−14−123146−1921], [2−14246−1922]
Table 8. Eta quotient bases
Appendix C. Lattice theta-functions and the inversion formula
Let L be a lattice, L′ its dual and λ and β be vectors. Define
θL+λ(τ) =
∑
α∈L
e
(
〈α + λ, α+ λ〉
2
τ
)
and
θβL
∑
α∈L
e
(
〈α, α〉
2
τ + 〈α, β〉
)
.
Then the following result holds
Theorem C.1 (Inversion Formula, [Iwa97]).
θβL
(−1
τ
)
= (det(L))−
1
2 (−iz)Rank(L)θL′+β(τ)
18 THOMAS GEMU¨NDEN AND CHRISTOPH A. KELLER
References
[BCP97] Wieb Bosma, John Cannon, and Catherine Playoust. The Magma algebra system. I. The user language. J.
Symbolic Comput., 24(3-4):235–265, 1997. Computational algebra and number theory (London, 1993).
[Bor92] Richard E. Borcherds. Monstrous moonshine and monstrous Lie superalgebras. Invent. Math., 109(2):405–444,
1992.
[CM16] S. Carnahan and M. Miyamoto. Regularity of fixed-point vertex operator subalgebras. ArXiv e-prints, March
2016.
[CS99] J. H. Conway and N. J. A. Sloane. Sphere packings, lattices and groups, volume 290 of Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, New
York, third edition, 1999. With additional contributions by E. Bannai, R. E. Borcherds, J. Leech, S. P. Norton,
A. M. Odlyzko, R. A. Parker, L. Queen and B. B. Venkov.
[DLM00] Chongying Dong, Haisheng Li, and Geoffrey Mason. Modular-invariance of trace functions in orbifold theory
and generalized Moonshine. Comm. Math. Phys., 214(1):1–56, 2000.
[DM99] Chongying Dong and Geoffrey Mason. Quantum Galois theory for compact Lie groups. J. Algebra, 214(1):92–
102, 1999.
[DN99] Chongying Dong and Kiyokazu Nagatomo. Automorphism groups and twisted modules for lattice vertex op-
erator algebras. In Recent developments in quantum affine algebras and related topics (Raleigh, NC, 1998),
volume 248 of Contemp. Math., pages 117–133. Amer. Math. Soc., Providence, RI, 1999.
[DVVV89] Robbert Dijkgraaf, Cumrun Vafa, Erik P. Verlinde, and Herman L. Verlinde. The Operator Algebra of Orbifold
Models. Commun. Math. Phys., 123:485, 1989.
[EG] David E. Evans and Terry Gannon. Reconstruction and local extensions for twisted group doubles, and permu-
tation orbifolds. to appear.
[Ho¨h08] Gerald Ho¨hn. Conformal designs based on vertex operator algebras. Adv. Math., 217(5):2301–2335, 2008.
[Hua08a] Yi-Zhi Huang. Rigidity and modularity of vertex tensor categories. Commun. Contemp. Math., 10(suppl. 1):871–
911, 2008.
[Hua08b] Yi-Zhi Huang. Vertex operator algebras and the Verlinde conjecture. Commun. Contemp. Math., 10(1):103–154,
2008.
[Iwa97] Henryk Iwaniec. Topics in classical automorphic forms, volume 17 of Graduate Studies in Mathematics. Amer-
ican Mathematical Society, Providence, RI, 1997.
[Miy15] Masahiko Miyamoto. C2-cofiniteness of cyclic-orbifold models. Comm. Math. Phys., 335(3):1279–1286, 2015.
[Mo¨l16] Sven Mo¨ller. A Cyclic Orbifold Theory for Holomorphic Vertex Operator Algebras and Applications. ArXiv
e-prints, November 2016.
[MOS75] C. L. Mallows, A. M. Odlyzko, and N. J. A. Sloane. Upper bounds for modular forms, lattices, and codes. J.
Algebra, 36(1):68–76, 1975.
[MT04] Masahiko Miyamoto and Kenichiro Tanabe. Uniform product of Ag,n(V ) for an orbifold model V and G-twisted
Zhu algebra. J. Algebra, 274(1):80–96, 2004.
[Neb98] Gabriele Nebe. Some cyclo-quaternionic lattices. J. Algebra, 199(2):472–498, 1998.
[Neb12] Gabriele Nebe. An even unimodular 72-dimensional lattice of minimum 8. J. Reine Angew. Math., 673:237–247,
2012.
[Neb14] Gabriele Nebe. A fourth extremal even unimodular lattice of dimension 48. Discrete Math., 331:133–136, 2014.
[NS] Gabriele Nebe and Neil Sloane. Lattices — a catalogue of lattices.
[Ono04] Ken Ono. The web of modularity: arithmetic of the coefficients of modular forms and q-series, volume 102 of
CBMS Regional Conference Series in Mathematics. Published for the Conference Board of the Mathematical
Sciences, Washington, DC; by the American Mathematical Society, Providence, RI, 2004.
[RPD90] P. Roche, V. Pasquier, and R. Dijkgraaf. QuasiHopf algebras, group cohomology and orbifold models. Nucl.
Phys. Proc. Suppl., 18B:60–72, 1990. [,60(1990)].
[RW15] Jeremy Rouse and John J. Webb. On spaces of modular forms spanned by eta-quotients. Advances in Mathe-
matics, 272:200 – 224, 2015.
[Ver88] Erik P. Verlinde. Fusion Rules and Modular Transformations in 2D Conformal Field Theory. Nucl. Phys.,
B300:360–376, 1988.
[vMS17a] J. van Ekeren, S. Mo¨ller, and N. R. Scheithauer. Construction and Classification of Holomorphic Vertex Operator
Algebras. Journal fu¨r die reine und angewandte Mathematik (Crelles Journal), November 2017.
[vMS17b] J. van Ekeren, S. Mo¨ller, and N. R. Scheithauer. Dimension Formulae in Genus Zero and Uniqueness of Vertex
Operator Algebras. ArXiv e-prints, April 2017.
[Wit07] Edward Witten. Three-Dimensional Gravity Revisited. 2007.
Thomas Gemu¨nden, Department of Mathematics, ETH Zurich CH-8092 Zurich, Switzerland
E-mail address: thomas.gemuenden@math.ethz.ch
Christoph A. Keller, Department of Mathematics, ETH Zurich CH-8092 Zurich, Switzerland and Depart-
ment of Mathematics, University of Arizona, Tucson, AZ 85721-0089, USA
E-mail address: christoph.keller@math.ethz.ch
